A graph is 1-planar if it can be drawn on the plane so that each edge is crossed by at most one other edge. In this paper, we confirm the total-coloring conjecture for 1-planar graphs with maximum degree at least 13.
Introduction
All graphs considered in this paper are finite, simple and undirected. We use V(G), E(G), δ(G) and ∆(G) to denote the vertex set, the edge set, the minimum degree and the maximum degree of a graph G, respectively. For a vertex v ∈ V(G), N G (v) denotes the set of vertices that are adjacent to v in G. By d G (v) := |N G (v)|, we denote the degree of v in G. For a plane graph G, F(G) denotes its face set and d G ( f ) denotes the degree of a face f in G. Throughout this paper, a k-, k + -and k − -vertex (resp. face) is a vertex (resp. face) of degree k, at least k and at most k. Any undefined notation follows that of Bondy and Murty [3] .
Given a graph G and a positive integer k, a total k-coloring of G is a mapping from V(G) ∪ E(G) to {1, 2, · · · , k} such that f (x) f (y) for every pair of adjacent or incident elements x, y ∈ V(G) ∪ E(G). The can properly color uv with a color involved in ϕ. At last, the vertex u can be easily colored since it is incident with at most 2d G (u) ≤ r colors.
Lemma 3. Let G be a r-minimal graph and let v be a vertex of G. If d G (v) = 3, then v cannot be contained in a triangle.
Proof. Let N G (v) = {v 1 , v 2 , v 3 }. Suppose, to the contrary, that v is contained in a triangle vv 2 v 3 . By the choice of G, the graph G = G − vv 3 has a total (r + 2)-coloring ϕ with ϕ(vv i ) = i for i = 1, 2. Now erase the color of v from ϕ. For any color i ≥ 3, i must appear on v 3 or on some edge incident with v 3 , since otherwise, we can color vv 3 with i, a contradiction. Thus, the colors 1 and 2 cannot appear on v 3 or the edges incident with v 3 . Now uncolor vv 2 and color vv 3 with 2. By the same argument, any color i ≥ 3 must appear on v 2 or the edges incident with v 2 and the colors 1 and 2 cannot appear on there. Now recolor v 2 v 3 with 1, color vv 3 with ϕ(v 2 v 3 ) and color vv 2 with 2. At last, the vertex v can be easily colored since it is adjacent or incident with at most 6 colors.
Lemma 4. Let G be a r-minimal graph and let v be a 4-vertex of G with N G (v) = {v 1 , v 2 , v 3 , v 4 }. For any 1 ≤ i ≤ 4, the edge vv i cannot be contained in two triangles.
Proof. Suppose, to the contrary, that the edge vv 4 is contained in two triangles vv 1 v 4 and vv 3 v 4 . By the choice of G, the graph G = G − vv 4 has a total (r + 2)-coloring ϕ with ϕ(vv i ) = i for i = 1, 2, 3. Now erase the color of v from ϕ. For any vertex v in G , let S ϕ (v) denote the set of colors not appearing on v or the edges incident with v. First of all, we have i S ϕ (v 4 ) for any color i ≥ 4, since otherwise, we can color vv 4 with i and then the vertex v can be easily colored (in the following we would not mention the coloring of v for the last step). This implies that S ϕ (v 4 ) ⊆ {1, 2, 3}. Note that |S ϕ (v 4 )| ≥ 2.
Proof. Otherwise, assume that 1 S ϕ (v 4 ). This implies that S ϕ (v 4 ) = {2, 3}. Since ϕ is a proper total coloring of G , we may assume that ϕ(v 1 v 4 ) = 4. If i ∈ S ϕ (v 1 ) for some i ∈ {2, 3}, then recolor v 1 v 4 with i and color vv 4 with 4. Otherwise, there is a color i 0 ≥ 5 such that i 0 ∈ S ϕ (v 1 ). Note that 1 must appear on v 2 (resp. v 3 ) or edges incident with v 2 (resp. v 3 ), since otherwise, we can color recolor vv 2 (resp. vv 3 ) with 1, recolor vv 1 with i 0 , and color vv 4 with 2 (resp. 3). Moreover, for any i ≥ 4, the color i must appear on v 2 (resp. v 3 ), since otherwise, we can color vv 2 (resp. vv 3 ) with i and color vv 4 with 2 (resp. 3). This implies that 3 ∈ S ϕ (v 2 ) and 2 ∈ S ϕ (v 3 ). Now we consider the color on (v 3 ) , since otherwise, we can exchange the colors on v 1 v 4 and v 1 v, then recolor vv 3 with 1 and color vv 4 with 3. For any i ≥ 4, the color i S ϕ (v j ) for any j = 1, 3, since otherwise, we can recolor vv j with i and color vv 4 with j. Thus S ϕ (v 1 ) = S ϕ (v 3 ) = {2}. If there is a color i ≥ 4 such that i ∈ S ϕ (v 2 ), then we can recolor vv 2 with i, vv 1 with 2, and color vv 4 with 1. Otherwise, we have S ϕ (v 2 ) ⊆ {1, 3}. Without loss of generality, let 1 ∈ S ϕ (v 2 ). Then we recolor vv 2 and v 1 v 4 with 1, vv 1 with 2, and color vv 4 with 4.
Lemma 5. Let G be a r-minimal graph and let V i be the set of i-vertices in G. We have |V ∆ | > 2|V 3 |.
Proof. If |V 3 | = 0, then it is trivial. If |V 3 | 0, then by Lemma 2, r = ∆. Let E be the set of edges in G having one end-vertex in V 3 and let H be the bipartite subgraph with vertex set V 3 ∪ V ∆ and edge set E. First of all, we prove that H is a forest. Suppose, to the contrary, that H contains a cycle C. Then this cycle is of even length in which alternate vertices have degree 3 in G. Since G is ∆-minimal, the graph G = G − E(C) has a total (∆ + 2)-coloring ϕ. Now erase the colors of the 3-vertices on C from ϕ. Let e be an arbitrary edge of C. One can see that e is now incident with at most ∆ − 1 colored edges and one colored vertex, hence there are at least (∆ + 2) − (∆ − 1 + 1) = 2 available colors for e. Therefore, the edges in E(C) can be properly colored since every even cycle is 2-edge-choosable. At last, the 3-vertices on C can be colored since each of them is now incident with at most six colored elements and no two of them are adjacent in G by Lemma 2. This contradiction implies that H is a forest and thus |V(H)| = |V 3 | + |V ∆ | > |E(H)|. Moreover, the neighbors of every vertex in V 3 belong to the vertex set V ∆ by Lemma 2. This implies that |E(H)| = 3|V 3 |. Hence we conclude that |V ∆ | > 2|V 3 |.
In the following, we restrict the minimal graph G to be a 1-planar graph and assume that G has already been embedded on a plane so that every edge is crossed by at most one other edge and the number of crossings is as small as possible. Proof. Suppose, to the contrary, that the 5-face f is incident only with 4
with at least three false vertices, because otherwise we would find an edge uv on f such that u and v are both true 4 − -vertices, which is impossible by Lemma 2. On the other hand, f can be incident with at most two false vertices since no two false vertices are adjacent in G × . This contradiction completes the proof.
3 The proof of Theorem 1
Note that the degree of a false vertex in G × is four, so every false vertex is small. We call u the tri-neighbor of v if uv is an edge of G with d G (v) = 4 and uv is incident with a 3-face uvw in G × so that w is true. Note that in this situation u cannot be a tri-neighbor of w by Lemma 2. Now we start to prove Theorem 1.
Suppose that G is a minimum counterexample to it. We then have that G is 2-connected and moreover, δ(G) ≥ 3 by Lemma 2. In the following, we apply the discharging method to the associated plane graph G × of G and complete the proof by contradiction. Note that G × is also 2-connected.
We now assign an initial charge c to each element
−12 by the well-known Euler's formula. We redistribute the initial charges on V(G × ) ∪ F(G × ) by the discharging rules below. Let c (x) be the final charge of an element
We still have x∈V(G × )∪F(G × ) c (x) = −12 < 0, since our rules only move charge around and do not affect the sum.
R1. Every 4 + -face redistributes its initial charge uniformly among the small vertices that are incident with it in G × .
R2. Every ∆-vertex gives 1 2 to a common pot from which each 3-vertex receives 1, if |V 3 | > 0. R3. Let u, v be true vertices of G × and let uv ∈ E(G × ). If v is small, then u sends 1 3 to v; moreover, if u is a tri-neighbor of v, then u sends an addition of 1 12 to v.
Note that in R2, the common pot can also be seen as a pseudo-point that has initial charge zero. In the next six rules, we assume that uv crosses xy at a false vertex w in G × there.
and v is a small vertex, then u sends 1 3 to v through w.
and y is a small vertex, then u sends 3 4 to w. Furthermore, if d G × (v) ≤ 4, then u sends 1 24 to v through w.
or y is not a small vertex, then u sends 2 3 to w.
and uy E(G × ), then u sends 1 12 to w.
In the following, we check that the final charge c on each vertex and face is nonnegative. And we also show that the final charge of the common pot is nonnegative. This implies that x∈V(
First of all, since |V ∆ | > 2|V 3 | by Lemma 5, the final charge of the common pot is at least from the common pot and v 3 . Now we consider three subcases.
First, assume that f 2 and f 3 are both 4 + -faces. Then by R1, f 1 , f 2 and f 3 sends at least + -face, then by R1, f 1 sends at least 4 5 to + -face, then by R1, f 1 sends at least 6 6 = 1 to v. If f 1 is a 5-face, then assume that v 3 x 1 crosses vv 1 and v 3 x 2 crosses vv 2 in G. It follows that x 1 x 2 ∈ E(G). By Lemma 2, at least one of x 1 and x 2 is not small. Thus by R1, f 1 sends at least > 0. If f 1 , f 2 and f 3 are all 4-faces, then let x i (i = 1, 2, 3) be the fourth (undefined) vertices of the 4-faces f i . It is easy to check that x 1 x 2 , x 2 x 3 , x 3 x 1 ∈ E(G) by the drawing of G. Thus, at most one of x 1 , x 2 and x 3 is small by Lemma 2. This implies that v receives at least form its incident faces by R1. Assume that vv i (i = 1, 2, 3) crosses v i−1 v i in G, where the subscripts are taken modulo 3, then by Lemma 2, v i is a ∆-vertex, from which v receives at least 1 8 by R4-R7. Therefore, c (v) ≥ −3 + 1 + > 0. So we assume that f 1 and f 2 are both 4-faces. This implies that x 1 x 3 is a crossed edge in G with the crossing v 2 . By Lemma 2, at most one of x 1 and x 3 is small. So f 1 and f 2 totally sends at least to v by R1. Recall that v 2 and v 3 are 12 + -vertices. By R4-R7, v 2 sends at least 1 8 and v 3 sends at least 1 24 to v. Therefore, c (v) ≥ −2 + 2 × Assume first that f 1 and f 2 are both 3-faces. Then
This implies that each of f 3 and f 4 sends at least to v by R5 and v 3 sends at least 2 3 to v by R6 and R7. Thus c (v) ≥ −2+1+2× Let S f (v) denote the subgraph induced by the faces that are incident with v in G × . Then S f (v) can be decomposed into many parts, each of which is one of the five clusters in Figure 1 , and any two parts of which are adjacent only if they have a coJPGmmon edge vw such that w is a true vertex. The hollow vertices in Figure 1 are false vertices and the solid ones are true vertices; all the marked faces are 4 + -faces and there is at least one 4 + -face contained in the clusters of type 2, 4 and 5.
Let a i denote the largest possible value of the charges sent by v to or through its adjacent false vertices in a cluster of type i. (1) v is adjacent to n 1 + n 2 + n 3 + n 4 + n 5 true vertices in G × .
(2) v is adjacent to n 1 + m false vertices in G × .
(3) 2n 1 + 2n 2 + n 3 + 3n 4 + n 5 ≤ d.
By (1) and (2), it is easy to see that m = d − 2n 1 − n 2 − n 3 − n 4 − n 5 .
First of all, we calculate the largest possible value of the charges sent by v to or through its adjacent false vertices in G × , that is, the value of n 1 a 1 + n 2 a 2 + n 3 a 3 + n 4 a 4 + n 5 a 5 . Recall the values of a i we have obtained in each of the above cases. One can deduce that n 1 a 1 + n 2 a 2 + n 3 a 3 + n 4 a 4 + n 5 a 5 = 
